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Exact solution of the reaction—diffusion problem for a particle
generating band on a surface by Riemann-Hilbert matching

A M Brodsky and W P Reinhardt
Department of Chemistry and CPAC, University of Washington, Seatile, WA 98195, USA
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Abstract, The existence of a class of exact solutions for diffusion—reaction problems is
demonstrated for the examiple of a band. The method may be applied to any particle source
which can be analytically mapped to a band (or a disc) situated on an infinite plane. A simple
asymptotic expression for the experimentally measurable collector efficiency (current-current
response function) has been found.

1. Introduction

The diffusion-reaction probfem for particle generating sources on an infinite supporting
surface arises in 2 number of physical and chemical contexts. Among important applications
are the description of electrochemical micro-electrode sensors [1] and molecular electronic
devices [2]. Progress in research with these and similar devices has been impeded by the
lack of an exact description of the corresponding diffusion-reaction processes. Computer
simulations {3] may not lead directly to accurate results due to the presence of singularities
when the particle source dimensions tend to zero. An additional computational problem
is connected with the presence of non-analyticity in the supporting surface reaction rate
constant. This latter problem arises because particles generated (starting at ¢ = 0) at the
electrode surface will migrate to infinity as ¢ — co if the supporting surface is inert.
However, in the case of particle absorption on an infinite plane, even if this is infinitely
slow all the particles will eveniually be absorbed.

The diffusion problem for a generating band situated on an inert plane in the limit of
zero band width, and/or as ¢ —> co, has recently been analysed by Szaba et al {4]. They
have shown that the long-time limit of this diffusion current is described by the asymptotics
of the solution for a hemi-cylinder on an inert plane (which could easily be reduced to the
classical solution for a cylinder [5]} by setting the radius to one quarter of the band width.
We have subsequently shown [6), using the zero-range potential approach, that this result
is of a very general nature. Due to dominating singularities when the source dimensions
tend to zero, the asymptotics for electrodes of different shapes, both on inert and reacting
planes, can be described hy the solutions for a disc or for a band by adjusting one length
scale parameter only. The applicability of this approximation to solutions of the Helmholtz
equation in a halfspace has been developed by the St Petersburg University school [7].

In this paper we give an exact solution for a prototypical diffusion-reaction problem
for a zero-height band {on which particles are generated) situated on a reacting infinite
plane (see figure 1). The relationship of this problem to the description of redox reactions
on micro-electrodes is described in appendix 1. As a method of solution we have used
Riemann—Hilbert matching in the absence of time inversion ( — —t) symmetry [8]. An
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analogous approach could be used for a generating disc on a surface and for all other
geometries which can be analytically mapped to a band or a disc on an infinite plane. The
work presented in this paper can be considered as an extension of the approach of Marshall
and Watson [9a] and Keinz [9b] from one to two spatial dimensions.

Generator

Collector

Figure 1. The geometry of the problem.

The paper is organized as follows. In section 2 we express the basic equations. In
section 3 these equations are transformed into a solvable Riemann-Hilbert problem. In
section 4 the singular integrals resulting from the solution of the Riemann-Hilbert problem
are transformed into non-singular forms in which they can be numerically caleulated and
compared with experimentally measurable time-Fourier-transforms of densities and currents.
In section 5 the nature of the singularities of the exact solution are made clear and asymptotic
expressions are given in a form useful for analysis of experimental data. In the concluding
section we discuss the reasons for the relative simplicity of the asymptotics for the collection
efficiency, the relationship of our results to those results obtained in the zero range potential
approximation [6], and possible generalizations.

2. Description of the problem

The geometry is as in figure 1. The concentration of particles p(x, z, £) obeys the diffusion
equation

ar ax? | 82

2 2
3_p=D(3p+ap) (1)

as p{x, z,t) is assumed to be independent of the coordinate y. In what follows we will
calculate currents and other observable quantities per unit interval in the y direction. We
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seek a solution subject to the following boundary and initial conditions:
gp - A
khp—D— =60(t)A forz=0|x| <—
az 2

ap A
kgp—Da—Z-_O forz—O[x|>E @

plx,2,6) =0 for val+z22 > 0k >0
plx,z,t)=0 fort=0

where 8(¢) is the step function, A is the band width (figure 1), k; and k&, are surface reaction
constants for x| < A/2 and [x| > A /2 respectively, and A is a constant source per unit
surface area, the meaning of which is indicated in the appendix 1 for the electrochemical
situation. The problem has oaly the trivial solution p=0for A=0or A =0.

Taking simultaneous Fourier transforms of equation (1) with respect to x and ¢ we find
the equation

. 2p((p, z,i " .
iw3(p, 2, i) = D (—"((g’zf—'“")l — 2Bz, zm)) (3a)
which has the solutions
A(p, z,iw) = explF+/ p? + (iv/D)z)5(p, iw) (3b)

where §(p, iw) is to be determined by the enforcement of the boundary and initial conditions.
The function p(x, z, 1) satisfying (1) and decreasing as z — oo can thus be represented in
terms of the Fourier integrals

1 o0 .
plx,z,t) = :/2—_31 pix, 7, iw)e™ dw
- |
1 @ oo .
= [ e aw f expl(—/72+ G/ D)zle " (p. i) dp. @
27 Jeoo -0

The (distribution valeed) generalized function p(p, iw) satisfies the conditions
& (p,iw) = p(=p", (iw)”) Jlim |p#(p, iw)| < constant (5)

corresponding to the fact that the concentration p(x, y, £) is a real finite function. The initial
condition at r = 0 will be satisfled by (4) because all singularities of F{iw, p) as a function
of @ will be located in the upper half-plane of the complex variable w and it is possible, for
t £ G, to close the integral over dew in (4) by the integral contour over an infinite semi-circle
in the lower complex half-plane. 7

‘We require that the square root /g2 -+ iew/D as a function of the complex variable g
be confined on the Riemann sheet where

k1,2+D1fq2+’§¢o Re1fp2+%>0 (Im p = 0). 6)
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Figure 2. The singularity structure of the integrands of integrals in the text. The points
q = EJ%’ and g2 = —iJ% are the endpoints of square root cuts. The cut 2long the real

axis is determined by the behaviour of the factor e¥@: e¥(PHe) = y(p)e¥(P=ie) for real p.
There are additional poles in some integrands. The contours X, I', I and II' are utilized in the
developments described in the text.

We choose the square root cuts running (see figure 2) from

itw iw
Eiyf — t i',/— .
i D 0 i ) X 00 )]

The inequality (6) guarantees that expression (4), for p(x, z, 1), decreases as 7 — 0o and
the boundary condition at z — o¢ is satisfied. The boundary condition at z = 0 can be
rewritten as

Az [ iw) s ipx , A2
O(T—x)f(k1+D P +D Alp,iw)e™?*dp+61{x 7]
>< f (kz-I-D\sz‘l‘%) A(p,iw)e™# dp

- \ . 2
= f (kz + Dy P+ % ) A(p, iw)e™ ' dp — ¢ (AT —xz)

x (ky — k)V2m p(x, 0, iw)

AT L\ W2rA
=(5-") me-m ®

where we have substituted (4) into (2) and used the expression for the Fourier transform of

the step function 6(z):

1 e @ .
8 = — [ ¥ —— &= 0. ©)
2ri w—ie
The problem is thus reduced to the construction of g{p, iw) satisfying (8) and (5). In the
next section we show that such a construction can be performed by finding the solution of
the Riemann—Hilbert matching problem.
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3. Formulation and solution of the Riemann-Hilbert matching problem

We first seek the solution of equation (8) on the interval x > —% and will later use the
symmetry about the inversion x — —x to continue the solution to the interval x < -4,
The function 5(p, iw} may be represented in the two forms

A 1 ; V2rA
= ipAf2 :
) = D/ GarD) {f P e - o ) }
1

e:pA/Z

kot DYVPEE Go/D)
i + +/Diw ViTA }

x {f A Ve G — DG — 1) “)
The boundary conditions (8) will be satisfied for x > —% if the (unknown) functions
fi{g,iw) and fa(g,iw), considered now as functions of the complex variable g, have
singularities only in the lower and the upper half of the complex plane respectively. This
follows from Cauchy’s theorem after closing the integration paths over dp in (8) by semi-
circles in upper and lower complex half-planes for x > % and |x| < % respectively.

Let us introduce a single function f(g) of the complex variable g {the iw dependence
will be understood) such that

fg) = filg, iw) for Img > 0

flg) = falg, iw) for Img <0

flp+ie) = filp,1, @)

Flp—ie) = falp,iw) & —» +0, with p real (11

this being the essence of the Riemann—Hilbert method [8]. According to (10), the function
F{g) must have a cut on the real axis p = Re g with the discontipuity satisfying the relation

V2r 4 (1 _ r(p))
@mi(@—igp \" v

yp)fp—ie) — f(p+ie) = (12)

where the functions

_ i+ DyvqZ + (iw/D) V2T A (1 _ y(q)) (13)

= o1 - .
ks + D/q? + (iw/ D) v @ (2riY(w —ie)g ¥ (0)

yig)

are anaiytic functions of the complex variable g in the strip near the real axis where

5 , it
—| >0 14
T+, (14)

provided that the logarithmic branch cuts do not intersect the boundary of the strip. The
branch of Iny (g} is chosen so that on the real axis Im{g) = 0, Re{q) = p and

Iny(p) >0 as |pl — oo (15)
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Equation (12) has the form of a classical Riemann-Hilbert matching problem [8]. In order
to solve (12) we introduce an auxiliary function F(g) [81:

F(g) = flg)e™¥@

f ®hnyp) (16)

1
‘#(93—§ iy

i
Using the well known symbolic relation

I __»r
p—pkic p—

> +7is(p’ — p) ¢ = 40 forreal p and p' (17)

(12) can be rewritten as

B(p)=F(p—ie)— F(p +ie) -
_ BEAQ - GO 1 [__L I l_‘lzﬁﬁildpf]
QriRw—ie)p ¥ 210 PP
_ Y2Zr AU - (v(p)/y(OD) exp [_L fw d '—hﬂﬁ)—}
QriY (@ —ie)p Wi P - p-iel

(18)

If the constant A was equal to zero and, correspondingly, B(p} =0, then the function
F(q) could be analytically continued to the entire complex plane and in accordance with (3)
would be a real constant. Correspondingly eguation (18) has the unique (up to a constant
C) solution

fea)
1 d B(p)

Fg)=C—-—

2ri J_o pp«g (19)

and according to (16)

! Bp) \ v
= _— —_ . )
fg) ( e dpp p e (20
The constant C = C{iw) is to be determined from the symmetry condition

8p(x, 0, iw)

¢ - —ivor [ pB(p, iw)dp =0 @n

x=0

after introducing expression (10) for 5(p, iw) into (21) and with f(g) determined by (20).
Condition (21) allows us to construct the solution of cur problem symmetrically about the
inversion x — —x (see also the note before (29)).

4, Expression of p(z, 0, iw) through nonsingular integrals

The substitution of (20} into (10} with the subsequent enforcement of condition (21)
provides the formal solution of the problem in terrns of singular integrals. In order to
analyse approximations that are valid in different limiting cases and to perform numerical
calculations it is useful to transform these integrals into non-singular integrals. The standard
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method used to achieve this transformation is contour distortion in the complex plane,
which in some cases even allows us to find expressions of the relevant integrals in terms of
elementary functions. The method is illustrated in appendix 2, It follows from (10), (19),
(20) and the results of appendix 2 that

o gipA/2 1 '/‘°° lny(p’)dp’}
, = C — -
plp.1w) kl+DJp2+(iw/D){ exP[ﬂm o P —p—ie
+ N2 A (J’(P))]
Q2w —ig)p —is \ y{0)
eiPL/2 { C (D1p+ Dlw-—kl)

T ot D2+ G@)/D | VD) \/ Diw ~ k2

~is

Dip + ./ Diw — k2

5 ip+,/Diw — k5 R v2m¢% 1t -
J Diw — k3 @ri)y @ (w — ie)(p — ie)

The expression for the constant C in terms of the non-singular integrals that follow from
(21) and (10) after the contour distortions shown on figure 2, and a change of the integration
variabies, has the form

V2 ©e iw A V-
C= 74 f dpexp [—\/% p} r—1
1

T CriNe - )y (0) 2° | K2+ Diw(p® — 1)

-1
x i\/Efm dpexp [_\/T_E_’ép} pVp* — lexply (ivie/Dp)] |
DA b2 (v Diwp — ,/ Diw — k?)

(23)

The explicit expression for the factor exp[y (iv/iw/D p)] in (23) is calculated in appendix 2.

By a Fourier transform of (22) it is possible to find the integral representations for the
experimentally measurable quantity p(x, z, i@). For z = 0 we find from (22}, with the help
of the contour distortion, that

. 1 oo . A .
o(x,0,iw) = 72?]; dpexp [lp (-2— - Ix!)] A(p,iw)
— A 7

" 2milk; + /Div)w

2Diw [ i (A 1
a— d e — = = 21
t am f, ‘”c"p[ D (2 m) p] T B Dle( — 1)

i V2mAy(p) A
X {Cexp[yfr (1\/;10)]4—%} for |x[<E,|wi>0

. 2Diw ™ Jiw (A ) Vpr—1
+ Ov =7 d bty Ba=ul B~ f
0(x, 0, iw) 5 | D exp l: o \2 lxt) p ZF Do ~1)
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. fiw VI A A
X {Cexpl:ylr (lgp)}-{-m} for ix|>—2—, @] = 0

(24)

where the expressions for C and exp[y(i./1w/Dp)] are given by (23), {A12) and (Al4).
The relatively simple non-singular integral representations (24) for p(x, 0, iw) allows us to
describe the most common experimental situations where concentrations and currents are
measured on the plane z = 0.

5. Asymptotics

For applications, especially in the case of small A, it is important to calculate the asymptotics
in the long-time limit -~

1 o ,
A\/;_m (25)

which corresponds in terms of time-Fourier-transforms to the Jimit of the dimensionless
width A geing to zero:

£=A1/%—>O. (26)

It is also important to understand the behaviour of the solution as & — +0.

In this section we give a direct derivation of the asymptotic solution of our problem
using a method analogous to the zero-range approximation of wave scattering theory [7, 10].
The starting point is the relation

(p, i) 1 |:«/27rAsin %Ap 7
L) = - "
pRp ko + D+/p + (im/D) 2n%i(w — ig)p
+ (= ) f e p(z, 0, iw) dx] @
~AJ2

which follows from the Fourier transform of (8). Since in the limit A — 0 the function
p(x,0,iw) on the interval |x| < -‘% becomes constant up to terms of the first order in A,
it is possible to replace, approximately, p(x, 0, iw) under the integral in (27) by its value
20,0, 1w) at x = 0. This leads to the equation

“‘( ia)) — sin %'&p \/E'E-A
O = e+ Dy P2 + @/D)p | 270w — i)

which is correct up to terms of the order of AZ. The value of p(0, 0, iw) is defined by the
self consistency condition

+ k2 — k1) %p(O, 0, ia))] (28)

1 o 1 A .
£0,0,iw) = Wi f_ - A(p,iw)dp = [-@}-qu— + (k2 — ky)p (0, 0, lw)} P

1 Note that relations (27) can also be used as the starting point as an alternative to the method based on (21) for
the continuation of the expression for p(x, z, iw) from the interval x > —A /2 to the whole real x-axis.
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“dp eird Wors .
i - . o
" f“"’ P ko + D/p* + (iw/D) |:2n'i(w —ig) + (k2 ~ k) @, lw):l

1 ZJE‘ *dp/p?—1 exp[ \/_ p]

ic2+-\/Di P k% + Diw(p? — 1)

(29)

where in the last equality we have made the now familiar integral contour distortion taking
into account the pole at p = ig in the integrand. The asymptotic expression (A19) for the
integral in (29} is found in appendix 3. After substitution of (A19} into (36) we find, finally,

that
ASTTDA " ks + i,/ Diw — k2
£(0,0,i) = — ,,/2169.7 [ X7 In 2 :
a0 i, Dicw \/ Diw—k Ik _i\/DiaJ -
k% A«/iw/D) T, %
- —14+ln——""""= ] +0(A"InA
T Do -1 (y T roune
fork; >0, >0 (302)

where y is Buler’s constant. In the process of deriving equation (30a) the following exact
cancellation takes place:
1 1
ko] — ~/'Diw ky — +/Diw
For k» < 0 these terms do not cancel each other and the formal introduction of (A18) into
(28} leads to the qualitatively different result

V2mA (e} + Diw)? — 2ki+/Diw

A0 n l(Cr) 18) kz

=0 for kp > 0.

p(0,0,iw) = for k2 < 0. (305)

According to (30), 0p(0, 0, iw) depends non-analytically on both A at k; with singularities
at A =0, and &z = 0. The non-analytical dependence on &z is the result of the absence of
particle sinks at x > |A /2| in the system when %; < 0.

As an important example of the theory, we analyse the asymptotics for the
experimentally measurable quantity ¥ (w), the so-called collector efficiency, for the Fourier
coniponents

Ja(w)

- 31
@ Gb
where ji{w) and j2(w) are the time-Fourier-transforms of currents measured at the generator
and collector planes (z = 0) for[x| < A/2and [x| > A/2 respectively. as shown in figure 1:

A2
Jilw) = -— dfo1/p +—= "””‘p(p, iw)dp

AA
-\/QEZJTI(Q) —ig)

jsz)-—- & f D‘fp+ P B(p. iw) dp
Af2

2k
N f dx f =% 5(p, i) dp. (32)
Af2

Ww) =

A/2
-—2k[f o(x,0,iw) dx
0
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After substituting 20, 0, iw) for p(x, 0, iw) on the interval {x| < A /2 we find from (32},
up to terms of

O(AYand O(A%In A) (33)

that for kp > 0 and [w| > O the currents j| o(ew) are equal to

A A .
h(w) = 5 (eria) — 2k (0,0, 1w))

Jolw) =

f.m‘z f — sin %Ap A
f Y pe (k 2w \27%i(w — ig)
plha+ Dyfpc+'5

(0,0, iw))] 1Ak ( A : )
F U=k ) e ) | = = — + 2(k2 — &1)p(0,0, iw
(ko —k1) or PR A T (k2 — k1) p( )
(34)
and accordingly (30a)
W(w) = {1+2k A[ iy etiyPie ks
A0k + «/Dl Diw,/Div -8 & —i/Dio — 13
5 Aviw .
— 2 |y 141 oA 35
T Do -1 (” =g )“'*" &9 (33)

thus recovering the result of [6].

6. Conclusions

The exact solution of the chosen reaction—diffusion problem bhas a rather complex structure
reflecting the singular character of the dynamics itself. The most complicated (and
informative) is the transition interval from small ¢ (large w), when all concentrations are
almost the same as at £ = 0 and it 1s possible to use pertarbation theory, to large ¢ (small
). At the same time the expression for the collector efficiency ¥(w) is, at least in the
asymptotic limit, relatively simple and independent of the generator constant k;. This
independence has an important practical implication: by measuring W(w) it is possible to
find the constant &, experimentally, avoiding the influence of the noise connected with the
smallness of the generator size. There are two reasons for this simplicity. First, ¥{w)
is a causal response function obeying a dispersion relation. It is clear from the results
of appendix 1 that the current j> is a causal response to the current j; with the Fourier
component ja{e) proportional to ) {w). Second, the structure of asymptotics can be inferred
from the simple zero-range potential approximation discussed in section 5. The present
calculations aflow an understanding of the limits of validity of such an approximation and
also allow the calculation of the constant itself for the chosen geometry. This is important
because the approach based on the zero-range potential approximation can yield simple
asymptotic expressions not only for a band or disc, but also in the cases of regular or
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random arrays of sources with complicated geometries, zero and non-zero heights and with
different diffusion laws for different chemical species [6]. The only parameters in such
approximate expressions characterizing the geometry of an individual source are ‘effective
widths’ A.g (or, in the case of sources with finite dimensions in all directions, ‘effective
radii’). For example, in the case of a source in the form of a semi-cylinder with radius R,
on the surface the parameter Aqgx is equal, in accordance with [4], ta 4R.

For practical applications it is important that the zero-range approximation can provide
not only the main diffusion asymptotics ¢+ — co when all variables with the dimension of
time are less than z, but is also valid for the time interval

A2 A

—_— << — 3

5 <t < % (36)
where &;(i = 1,..., n) are the, possibly different, reaction constants for # sources and sinks
on the plane.
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Appendix 1

We will discuss the most simple realistic example of one-reversible redox reaction. The
first electrode El;—the generator—is a strip with the width A and the second electrode
Ely-—the collector—occupies the remaining part of the infinite surface (see figure 1). The
oxidation—reduction reaction

K
Ag + El; SEl; 4 Ag i=1,2 (AD)

Kaj

takes place only on the surfaces { = 1,2 where Ap and Ay are a redox couple with
concentrations Cp(x, z, ) and Cgr(x, z, 2}, and &; and x_; are the direct and reverse surface
reaction rate constants (per unit electrode surface) at electrode El; ( = 1, 2). The constants
. &; and x_; in electrochemical systems are dependent on the potential drop which can depend
on time and differ on different electrodes. We will suppose that at z < 0 the system is in
equilibrium, which means that

CO(x’y10)=Cg CR(I,)?,O)=CE
.‘C;'Cg = K_;Cf{ }
t

Ky =K, K1 =K

<0. : (A2)

At the moment ¢ = { the reaction constants at El| are changed and, correspondingly,

1 () = k1 (0) + 6(2)dx,
K_1(t) = k1 (0) + 8 (1)8k_1.

(A3)
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The reaction constants at El; remain the same for all times. Concentrations Cg and Cgr
obey the diffusion equation and the equations of material balance on the surface (boundary
conditions) which have the form

ac
D-"-"P" = IC_]CR - FC|C0
az A
s > z=0{x] = 0
Da—R = IC]CQ —!C..|CR
D 2 = IC_.2CR - KzCo
dz A
aC : z=0,{x] > >
1)-—“E = ICzCo — IC_?,CR
dz

The diffusion coefficient D is supposed to be constant and equal for both species Ag and
Ag. Correspondingly, the sum Cg + Cgr remains constant:

Colx,z,t) + Cr(x,z,1) = CH + C} (AS)
and we can only seek solutions for the quantity

P, z,t) = Colx,z,2) —
which obey relations (1} and (2) in the text with

A =8k_,C} — 811C
ky = &1 + 42 (A6)

ko =10+,

Appendix 2

In order to demonstrate the integration technique allowing transformation of the singular
integrals of section 2 into nen-singular integrals, we consider the expression for F{p 4 ig).
According to equations (17){19)

. ) EA ]
= ! — _—
Fip+ie)=C f e c @r)2(w —~iA) J_o p' ~ p—ig p+ic

1 oolﬂ]/(p”) dp”] 1 [ 1 fwlﬂ'y(p”)dp"])
X (exp [ 2ri ./;wp” —p'—ie () exp 2ni Jf_oop” — P tie
_ ma 1 o [_ 1 f°° Iny(p") dp”
2 @—iA) p+ie\ 2| T i) —p it

L [ _1_[°° lny(p”)dp”])
J/(O) i) e P — P i
e A [_L f°° Iny(p") dp”} (1 —y(p)
G o iy P T m ) =~ 7O

) . (A7)
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In (22) we have first shifted the factor p’ in the dominator, p’ — p’+ie, taking into account
that the integrand is non-singular at p’ = 0 and have then closed the integration contours
by infinite semi-circles in the upper half-plane (in the first term) and in the lower half-plane
(in the second term) of the complex integration variable p’. The final result (A7) follows
from Cauchy’s theorem taking into account that in the corresponding closed domains the
only singularities are poles. The factors

L1 [P hypdp
wlg) — - I )]
e exp [+2zi f_w o —q mg #* (A8)
entering (A7) and other expressions in the text can be calculated as follows. We find, using
integration by parts and the symmetry y(p) = —y (—p), that
d¥(g) _ D [ p*dp

dg 27/ (p? — g%)y/p? + (i0/D)

1 1
x (Iq + D+/p? + (iw/ D) kot Dt + (im/D))

_ Dg 1 _ 1 o
T 2/22 + (w/D) \ki + D\J@? + (iw/D) ki + DJg? + (/D) ] in

Xfoo pde ]
1 ((Gw/D)p?+99)/p?—1

b ks
- . A9
* (k,2+oiw(p2 1) B+ Diw(pt - 1)) | (49

In the last equality (A9) we have made the contour distortion I — I’ (see figure 2) followed
by an integration variable transformation. The remaining integral in (A9) can be transformed
as

iw [ p*dp kia
T Ji (Go/D)p?+ gD/ p2 = Tkiy+ Diw(p? 1)
iw k1,2 00-iw p2 dp

=% M - — Al0
27t 1 J_cotie ((iw/D)p? + q0)4/1 — p*(ki, + Diw(p? — 1)) o

where, on the right-hand side, the square root /1 — p® as a function of p has a cut on
the interval from —1 to +1, and /1 — (p +ig)? is an asymmetric function of real p on
this interval as ¢ — +0. The integral (A10) can be performed by closing the integration
contour in the upper complex half-plane:

T T2 [T+ (Djiwg B — DX+ (/D))
1 1= (/i) ’
* ﬁ\/;((im/D) —~ (k2/D%) + g2 Img > 0. (Al1)
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After the introduction of (Al11) into (A9) and the integration over dg we find that

0 = [y Dy/Gw/D) + a%) (s — ¥/Diw)
(k1 — Dy/(iw/ D) + g2 (k2 ~ ~/Diw)

1/4
& — D*((w/D) + 4) K — D%iv (v Div ki = ‘Dq) (\/. Dio ~ i+ inI)
K} — D¥((w/D) +¢*) K — D% (m + iDq) (‘/m - iDq)

Img < 0. ) (A12)

In deriving (A12) we have taken into account that

. 1 [Chyp)
Y(is) = 5 -/;w g s¥(0) (A13)

The value of the factor e¥@ for Img < 0 can be found from (A12) with the help of the
equality

¥ (—q) = =Y (q). (Al4)

Appendix. 3

To calculate the asymptotics of the integral
JOA k) = f"" dpy/p? — 1 expl—/ (/Dy} Ap]
CanA et ) 12 + Diw(p? — 1)

/ ® der(cosh? & — 1) exp[—+/(w/D)1 A cosh e}
0 coshe k2 + Diw(cosh? e — 1)

_(Al5)

we divide it into three parts:

1 f"" doexp —[+/(iw/ D)3 A coshr]
Diw — k2 Jy cosha

- ﬁ;—f%—k%ﬁ%[exp ~1/Go/D3}a1 - @/ Die)]

3 foo dot exp —[/ @@/ DYL Adcoshar — Wn
0 coshor — /1 - (&/Diw) _

+ GXP[\/W%AW]

o de exp ~[/(w/ D)1 Afcoshe + /1 — (k2/Di
g f 0 eXp w/D)7 Afcoshe + /1 — (k3/ lw))]:l. (A16)
0 coshe + /1 — (k2/Diw)

J(3A, k) =
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The integrals in (A16) have the form

- _ [ daexp[—+/(iw/D); Alcosha + a)] _ P—
J(ZA,a)—./; cosh o 2 a=0,+,/1 — (k5/Diw})
(A17)

and are equal [11] to

1 ]n1+a+i~/1—a2
I—ga 1+a-—iv1—a2

iw o7
— /TD_ dx K, 1f oF exp[—+/(iw/ D)} Aax). (A1B)
0

Introducing (A17) into (AIG) and letting A — 0 we find

JG4,a) =+

L

J?.'l f
02-\/D1 +|k2| Dm),/Dlw %
|kzl+i,/Diw——k§+ k/w/DyiA (1 A,f—mw 1)
n

ol —iy/Diw — g (Piwr—I)Dio 7

+o (( + AZ)Z) (A19)

where we have used the asymptotics [11] of the Bessel function Kg(x) for small x:

JGa k) =

X Iln

ka A
2

Ko(x) = - (ln > +7)A+063)

v being Euler’s constant.
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